Accelerating universe from warped extra dimensions by Neupane, Ishwaree P
ar
X
iv
:0
90
5.
27
74
v3
  [
he
p-
th]
  2
3 O
ct 
20
09
22 July 2009
Accelerating universe from warped extra dimensions
Ishwaree P. Neupane∗
Department of Physics & Astronomy
University of Canterbury, Private Bag 4800
Christchurch 8041, New Zealand
Abstract
Accelerating universe or the existence of a small and positive cosmolog-
ical constant is probably the most pressing obstacle as well as opportu-
nity to significantly improving the models of four-dimensional cosmology
from fundamental theories of gravity, including string theory. In seek-
ing to resolve this problem, one naturally wonders if the real world can
somehow be interpreted as an inflating de Sitter brane embedded in a
higher-dimensional spacetime described by warped geometry. In this
scenario, the four-dimensional cosmological constant may be uniquely
determined in terms of two length scales: one is a scale associated with
the size of extra dimensions and the other is a scale associated with the
expansion rate of our universe. In some specific cases, these two scales
are complementary to each other. This result is demonstrated here by
presenting some explicit and completely non-singular de Sitter space
dS4 solutions of vacuum Einstein equations in five and ten dimensions.
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Experimental evidence for a non-vanishing cosmological energy density in today’s uni-
verse is among the most significant discoveries in modern cosmology [1]. This result together
with an inflationary epoch required to solve the horizon and flatness problems of the big
bang cosmology needs to be understood in the framework of fundamental theories of gravity.
One wonders whether one should look for an alternative to a true cosmological constant.
God might have played tricks with physicists – as Einstein believed. One of those tricks
appears to be with the observed value of the vacuum energy density Λ4 ∼ 10−47 (GeV )4,
which is extremely small by particle physics standard [2]. Faced with this enigma, one way
out is an anthropic principle. This entails abandoning the quest for a conventional scientific
explanation to cosmological constant and interpreting the smallness of the cosmological
vacuum energy density as a suitable variable of our local needs.
As the problem of cosmological constant could involve quantum gravity, higher dimen-
sional physics is the only framework for addressing it, at least with our present state of
knowledge. Assuming that the physics in higher spacetime dimensions defines the frame-
work of low-energy effective four-dimensional field theory and a unique answer to the vacuum
energy density, there will be a unique prediction for the cosmological constant in today’s
universe. I argue, in this paper, that the vacuum energy density of our spacetime may be
determined by just two parameters: one is a scale related to the size of extra dimensions
and the other is a scale related to the present size and/or the Hubble expansion rate of the
universe. This paper, building on some new ideas, provides a key conceptual consolidation.
The basic idea can be illustrated with a five-dimensional metric of the general form
ds25 = e
−2µ|z|
(
gˆαβdX
αdXβ + e−2λ dz2
)
. (1)
Here, Xα are the usual spacetime coordinates (α, β = 0, 1, 2, 3), e−λ is a length scale asso-
ciated with the size of extra space and z ≥ 0; there is some sort of ‘brane’ at the z = 0
boundary of spacetime. If gˆαβ = ηαβ , in which case the ‘brane’ is flat or four-dimensional
Minkowski space, this metric describes a portion of five-dimensional anti de Sitter space,
with negative cosmological constant, as in Randall-Sundrum braneworld models [3, 4].
The problem of the vacuum energy density or cosmological constant – why it is extremely
small by particle physics standard – really only arises in a dynamical spacetime. It is perhaps
natural to assume that the five-dimensional cosmological constant vanishes. One may ask,
can a four-dimensional graviton be ‘localized’ near z = 0 in a flat 5D Minkowski spacetime?
Localization of gravity means a finiteness of effective four-dimensional Newton’s constant.
I shall argue, in this paper, this is possible provided that we live in a universe that is not
static rather inflating.
The metric (1) becomes an exact solution of 5D vacuum Einstein equations when
gˆαβdX
αdXβ = −dt2 + a2(t)
[
dr2
1− k(r/r0)2 + r
2(dθ2 + sin2 θdφ2)
]
, (2)
and the scale factor of the universe a(t) is given by
a(t) =
1
2
exp
(
µt eλ
)
+
k˜ e−2λ
2µ2
exp
(−µt eλ) , (3)
1
where µ is an integration constant, k˜ ≡ k/r20 and k = 0,±1. Here, both the scale factor a(t)
and the warp factor W (z) ≡ e−µ|z| are defined up to the rescaling t→ t+ t0 and z → z+ z0.
Clearly, with λ 6= 0, the scale factor and the warp factor will have different slopes. The
universe naturally inflates when µ 6= 0 or when the warp factor e−µz is not constant. In an
open universe (k = −1), there is a big-bang type singularity at µt = −(λ + ln (µr0))e−λ,
whereas in a closed (k = 1) or spatially flat (k = 0) universe, the scale factor is always non-
zero. This result is desirable because the generic singularity of a time-dependent solution of
general relativity is generally unacceptable – as it may not have any quantum interpretation.
A choice like λ = 0 could simply lead to an erroneous observation that in the present
universe, since H0 = a˙/a = µ ∼ 10−60MP l (with k = 0), the warping of an extra space
may not be sufficiently strong as to make the extra space geometrically compact. In fact,
the coefficient eλ multiplying the extra-dimensional metric should be fixed using some phe-
nomenological constraints, such as, the Kaluza-Klein mass scale associated with the size of
extra dimensions becomes not too small, such as mKK ∼ eλ & TeV (in natural units).
One proceeds by specifying boundary conditions such that the warp factor is regular
at z = 0, where one places a 3-brane with brane tension T3, and well behaved at infinite
distances from the brane. The classical action describing this set-up is
S =
M3
5
2
∫
B
d5x
√−g5R(5) + M
3
5
2
∫
∂B
d4x
√−gb(−T3), (4)
where M5 is the fundamental 5D Planck scale and gb is the determinant of the metric gab
evaluated at the brane’s position. Einstein’s equations are also solved at the brane’s position
when
T3 = 12µ e
λ. (5)
The brane tension is induced not by a bulk cosmological constant but by the curvature
related to the expansion of the physical 3 + 1 spacetime, which vanishes only in the limit
µ → 0. In the same limit, the scale factor a(t) → const (when k = 0) and the warp factor
W (z) = e−µz → 1. This defines a flat Minkowski vacuum. With a nonzero brane tension
the expansion of the universe must accelerate eventually. In a wide class of models, this
suggestion has some startling implications that I would like to emphasize.
First, the physical universe can naturally inflate due to the warping of extra space as
it generates in the four-dimensional effective theory a cosmological constant-like term Λ4.
This follows by substituting equation (1) into the classical action (4). We shall focus here
on the 5D curvature term from which one can derive the scale of gravitational interactions:
Seff ⊃ M
3
5
2
∫
d4x
√−gˆ4
∫
e−λ dz e−3µ|z|
(
Rˆ4 − 2Λ4
)
, (6)
where the four-dimensional cosmological constant is given by
Λ4 = 6µ
2 e2λ. (7)
Second, as advertised above, the vacuum energy density is uniquely determined in terms of
two length scales: one is a scale associated with the size of extra space, i.e. eλ and the other
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is a scale associated with the expansion rate of the universe that we live in or the slope of
the warp factor, i.e. µ.
A strict cosmological constant could be quite unrealistic as it introduces effective length
and time cut-offs. For the scale given by (3), it is determined by a product of two scales, one
associated with the slope of the warp factor (or the expansion rate of the physical universe)
and the other associated with the size of extra dimension (see for a related discussion [5]),
so there is no any such pathology at least in spatially flat and closed universes. The model
also exhibits certain features 5D braneworld model discussed earlier in [6] where the cosmic
acceleration may be sourced by the scalar curvature term on the brane (or 4d hypersurface).
Third, from equation (6), we find that the relation between four- and five-dimensional
effective Planck masses is given by
M24 =M
3
5 e
−λ
∫ z1
−z1
dz e−3µ|z| =
2M35 e
−λ
3µ
[
1− e−3µz1] . (8)
There is a well-defined value for M4, even in the z1 → ∞ limit. In the limit µ → 0, a new
dimension of spacetime opens up, since M24 → ∞ (or GN → 0) as z1 → ∞. All the above
results are quite generic and hold also when the spacetime dimensions D > 5. Based on
earlier braneworld no-go theorems [7,8], it seemed almost impossible for these results to be
true, but with what we presently understand [9,10], inflationary cosmology is possible for a
wide class of metrics without violating even the weakest form of a positive energy condition,
which is that the stress tensor TAB obeys ξ
AξBTAB ≥ 0 for any light-like vector ξA in D = 5.
Superstring theory predicts that space has six more spatial dimensions, other than the
usual three large dimensions. So from the viewpoint of string theory, we find it more
natural to generalize the above discussion, demanding the existence of additional five spatial
dimensions, which can be topologically compact. This provides us the relevant framework
of a ten-dimensional supergravity model characterized by the following warped metric,
ds2
10
= e2A(z)gˆαβdX
αdXβ + eα0A(z) e−2λ
(
f1(z) dz
2 + α1 f2(z) ds
2
X5
)
, (9)
where α0 and α1 are some constants. The functions f1(z) and f2(z) may be chosen to be
f1(z) = sinh
2(z + z0), f2(z) = cosh
2(z + z0). (10)
The five-dimensional base space X5 can be a usual five-sphere S
5 or some other compact
(Calabi-Yau) manifolds. A particularly interesting example of X5 is the Einstein space
(S2 × S2)⋊ S1:
ds2
X5
=
1
9
(dψ + cos θ1dφ1 + cos θ2dφ2)
2 +
1
6
2∑
i=1
(
dθ2i + sin θ
2
i dφ
2
i
)
, (11)
where (θ1, φ1) and (θ2, φ2) are coordinates on each S
2 and ψ is the coordinate of a U(1)
fiber. With the choice of f1 and f2 as in (10) the radius of the X5 never vanishes. The 6d
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Ricci scalar curvature is R6 = 20(1 − α1)/[α1 cosh2(z + z0)], which is smooth everywhere.
One also notes that the 6d part of the metric becomes Ricci flat only when α1 = 1.
Let us first consider the case α0 < 2; the α0 = 2 case will be treated separately. One
chooses the coefficient α1 in equation (9) satisfying 8α1 = (2− α0)2, as required to allow a
four-dimensional de Sitter solution in all three cases, i.e. R6 > 0 or R6 = 0 or R6 < 0. It is
not difficult to see that the 10d vacuum Einstein equations are explicitly solved for
A(z) =
1
2− α0
ln
(
3µ2(2− α0)2 cosh2(z + z0)
32
)
, a(t) =
1
2
exp
(
µteλ
)
+
k˜e−2λ
2µ2
exp
(−µteλ) .
(12)
This result is quite remarkable. First, the solution is free from both space-like and time-like
singularities. Second, it provides an explicit example of a warped compactification on a
four-dimensional de Sitter space dS4 just by solving the 10d vacuum Einstein equations.
In [11], Gibbons and Hull constructed warped supergravity models that allow solutions
without (external brane) sources. The solutions presented in [11] are, however, singular at
the center (r = 0) where the radius of X5 vanishes, whereas the solution presented above is
regular everywhere. Moreover, the Randall-Sundrum mechanism, i.e. localization of gravity
due to a non-singular delta function source, is applicable to the present model.
In order to satisfy the field equations at z = 0, where one places a 8-brane with brane
tension T8, one writes the 10d Einstein equations in the form
GBA = T8
ηNM√
gzz
δMA δ
B
N δ(z), (13)
where (M,N) = (t, xi, θi, φi, ψ). The 8-brane (with tension T8) is extended in all of the x
µ
directions and along the X5 space. From eqs. (9) and (12) one explicitly finds
Gzz|z=0 = 0, GNM |z=0 =
32
(2− α0)
e2λ e−α0A0
sinh z0 cosh z0
δ(0)ηNM , (14)
where
eA0 ≡
(
3µ2(2− α0)2 cosh2 z0
32
)1/(2−α0)
. (15)
From eqs. (13) and (14), it follows that
T8 =
32
2− α0
eλ
cosh z0
e−α0A0/2. (16)
Furthermore, from (9), one obtains
(10)Rαβ(x, z) =
(4)Rαβ(x)− gˆαβ e2λ
(
3µ2 +
3(2− α0)µ2
8
coth(z + z0) δ(z)
)
. (17)
If one integrates this equation on both sides over the internal manifold, then we clearly find
that (4)R00 ≡ −3a¨/a < 0 is possible, without violating the 10d strong energy condition.
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The case α0 = 2 is special in the regard that in this case the conformal warp factor e
2A(z)
multiplying the 4d and the 6d parts of the metric are the same. The 10d metric reads
ds2
10
= e2A(z)
[
gˆαβdX
αdXβ + e−2λ
(
f1(z)dz
2 + f2(z)ds
2
X5
)]
. (18)
This metric ansatz solves all of the 10D vacuum Einstein equations, when f1(z), f2(z) →
const. The explicit solution is given by
ds2
10
= e−2K|z|−z0
[
gˆαβdX
αdXβ + e−2λe2z0
(
2K2dz2 + ds2
5
)]
(19)
with the scale factor
a(t) =
1
2
exp
(
µt eλ
)
+
k˜e−2λ
2µ2
exp
(−µt eλ) , µ ≡
√
4
3
e−z0 . (20)
Here z ≥ 0; there is some sort of “brane” at the z = 0 boundary of spacetime.
Let us make sure that there are no any irrelevant integration constants that can be set
to zero. To this end, one may introduce a new symbol H such that µeλ → H . Hence
a(t) =
1
2
eHt +
k˜
2H2
e−Ht. (21)
The metric that explicitly solves all of the 10d vacuum Einstein equations is
ds2
10
= e−2K|z|−K0
(
gˆαβdX
αdXβ +
4
3H2
(
2K2dz2 + ds2
5
))
, (22)
where K0 is an integration constant. There are two free parameters in the model, i.e. H
and K, other than the conformal factor exp(−K0) multiplying the 10d metric. In fact, one
should not fix the parameter like K0 arbitrarily; the choice K0 = 0 could unnecessarily
over-constrain the model (see below). Here one also notes that there is no static limit of
the above solution, i.e. H = 0 is not physical, irrespective of the choice k˜ = 0 or k˜ 6= 0.
A straightforward calculation yields
√−g10 = 16
√
2|K|
729H6
e−10K|z|−5K0 sin θ1 sin θ2
√
gˆ4, (23a)
R10 = e
2K|z|+K0
(
Rˆ4 − 12H2
)
. (23b)
The 4d effective cosmological constant is given by Λ4 = 6H
2. Note that in the above
example the expansion parameter H is not an independent or free parameter, it is rather
related to the overall size of the extra dimensions. From the above solution we derive
M2P l ≡
M8
10
× V w6
(2pi)6
=
M8
10
pi3
× 8
√
2 |K| e− 4K0
729H6
∫ z1
−z1
dz e−8K|z|, (24)
Here z ≥ 0; there is some sort of ‘brane’ at the z = 0 boundary of spacetime. M10
and V w6 are, respectively, the 10d Planck mass and the warped volume of the internal 6d
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space. The four-dimensional Planck mass is finite even in the limit z1 → ∞. The warping
becomes stronger away from the brane. In other words e−8K|z| becomes exponentially small
as |z| → ∞. This behavior is similar to that in braneworld models. The larger is the
number of extra dimensions, the stronger would be the effect of warping in the transverse
directions, implying that the Kaluza-Klein particles could become more massive as the
number of dimensions increases.
For the solutions presented above, Λ4 may be tuned to be the present value of dark energy
density by taking H ∼ 10−60 MPl. Then, with K ∼ O(1), we get M10 & TeV ∼ 10−15 MPl
for K0 & 136. The message is simple and clear: the choice like K0 = 0 as a priori could
easily lead to some undesirable results.
While mathematically consistent it is physically more appealing to generalise the present
construction by considering the effects of sources other than gravity or metric flux (i.e. the
effect of a non-zero Ricci scalar). One would view the above constructions as local models,
which could be easily embedded or capped off in string theory leading to an honest de
Sitter compactification by introducing some known objects in string theory. The usual
such objects are background fluxes (or form fields), orientifold planes and D7-branes with
D3-brane charge induced by curvature on the brane world-volume [12].
The important ingredient in this present approach to understanding of accelerating uni-
verses is the treatment of ‘brane as a four-dimensional spacetime or physical universe and
consideration of non-factorizable background geometries, where the metric of the four fa-
miliar dimensions is dependent of a coordinate in the extra dimensions. Within this set-up
and in spacetime dimensions D ≥ 5, inflationary cosmology is possible with a wide class
of metrics and also with an arbitrary scalar curvature of the internal space, if the number
of extra dimensions (D − 4) ≥ 2. A salient feature of the inflationary de Sitter solution
given above is that upon the dimensional reduction from D-dimensional Einstein gravity
one generates in the 4d effective theory a cosmological constant-like term, which is noth-
ing but Λ4 = 6µ
2e2λ. The effective four-dimensional theory is Einstein’s general relativity
supplemented with a cosmological constant-like term.
References
[1] A. G. Riess et al. Astron. J. 116, 1009 (1998); S. Perlmutter et al. Astrophys. J. 517,
565 (1999).
[2] S. Weinberg, The Cosmological Constant Problem, Rev. Mod. Phys. 61, 1 (1989).
[3] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 3370 (1999).
[4] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 4690 (1999).
[5] Y. Gong, A. Wang and Q. Wu, Phys. Lett. B 663, 147 (2008).
[6] G. R. Dvali, G. Gabadadze and M. Porrati, Phys. Lett. B 485, 208 (2000); C. Deffayet,
Phys. Lett. B 502, 199 (2001).
6
[7] G. W. Gibbons, in Supersymmetry, Supergravity and Related Tolics, edited by F. del
Aguila, J. A. de Azcarraga, and L. E. Ibanz (World Scientific, 1985), pp. 123-146.
[8] J. M. Maldacena and C. Nunez, Int. J. Mod. Phys. A 16, 822 (2001).
[9] I. P. Neupane, Simple cosmological de Sitter solutions on dS4 × Y6 spaces,
arXiv:0901.2568 [hep-th].
[10] I. P. Neupane, Extra dimensions, warped compactifications and cosmic acceleration,
arXiv:0903.4190 [hep-th].
[11] G. W. Gibbons and C. M. Hull, arXiv:hep-th/0111072.
[12] S. B. Giddings, S. Kachru and J. Polchinski, Phys. Rev. D 66, 106006 (2002); S. Kachru,
R. Kallosh, A. Linde and S. P. Trivedi, Phys. Rev. D 68, 046005 (2003).
7
